Abstract. In the paper, the authors present an explicit form for a family of inhomogeneous linear ordinary differential equations, find a more significant expression for all derivatives of a function related to the solution to the family of inhomogeneous linear ordinary differential equations in terms of the Lerch transcendent, establish an explicit formula for computing all derivatives of the solution to the family of inhomogeneous linear ordinary differential equations, acquire the absolute monotonicity, complete monotonicity, the Bernstein function property of several functions related to the solution to the family of inhomogeneous linear ordinary differential equations, discover a diagonal recurrence relation of the Stirling numbers of the first kind, and derive an inequality for bounding the logarithmic function.
Main results
In [7, Section 3, Theorem 1], by inductive argument, it was proved that the family of inhomogeneous linear ordinary differential equations
a n,i (1 − 4t) n−i+1/2 F (i−1) (t) = a n,0 (1 − 4t) n (1.1)
for n ∈ N have a solution
where a n,0 = −2 2n−1 (n − 1)!, a n,1 = −2 n (2n − 3)!!, a n,n = −2n, a n,i = −S n−i+2,i−2 2 n−i+1 (2n − 2i − 1)!!, 2 ≤ i ≤ n − 1, S n,0 = n, S n,j = n =1 S ,j−1 , j ≥ 1.
This is a core conclusion in the paper [7] . It is obvious that the above sequence a n,i for n ∈ N and 0 ≤ i ≤ n is given recurrently. It is natural to ask for a question: can one find an explicit expression of the above sequence a n,i for n ∈ N and 0 ≤ i ≤ n? In other words, can one find an explicit form for the family of inhomogeneous linear ordinary differential equations (1.1)? Our answer to this question can be stated as Theorem 1 below. Theorem 1. For n ∈ N, the family of inhomogeneous linear ordinary differential equations
n r 2 n−r (2n − 2r + 1)!!
(1 − 4t) n−r−1/2 F (r) (t) = 2 2n−1 (n − 1)!
(1 − 4t) n have the solution (1.2).
We observe that the function F (t) is a composite of the functions
and x = h(t) = √ 1 − 4t . By the Leibniz theorem for differentiation of a product, it is not difficult to obtain
Recall from [3, Chapter 14] , [8, Chapter XIII] , [27, Chapter 1] , and [29, Chapter IV] that a function f is said to be completely monotonic on an interval I ⊆ R if f has derivatives of all orders on I and (−1) n f (n) (t) ≥ 0 for all t ∈ I and n ∈ {0}∪N. Recall from [20, p. 1161] and [27, Chapter 3 ] that a function f : I ⊆ (−∞, ∞) → [0, ∞) is called a Bernstein function on I if f (t) has derivatives of all orders and f (t) is completely monotonic on I.
The second main result of this paper is to present a more significant expression than (1.3) for the nth derivative of the function f (x) in terms of the Lerch transcendent
From the more significant expression, we obtain complete monotonicity of the functions f (x) and x n+1 f (n) (x) and derive an inequality of the logarithmic function ln x.
Theorem 2. For n ≥ 0, the nth derivative of the function f (x) can be expressed by Consequently,
(1) the function f (x) is completely monotonic on (0, ∞); (2) the functions x n+1 f (n) (x) for all n ≥ 0 are Bernstein functions on (0, ∞); (3) the inequality
(a) holds (i) either for x > 1 and all n ∈ N, (ii) or for 0 < x < 1 and odd n; (b) reverses for 0 < x < 1 and even n.
Recall from [5] and [29, Chapter IV] that a function f is said to be absolutely monotonic on an interval I if it has derivatives of all orders and f (k−1) (t) ≥ 0 for t ∈ I and k ∈ N. The third main result of this paper is an explicit formula for the nth derivative of F (t). From the explicit formula, we deduce the absolute monotonicity of the function F (t).
Theorem 3. The nth derivative of the function F (t) can be expressed by
Consequently, the function F (t) is absolutely monotonic on −∞, In combinatorics [4, 11, 12] , the Stirling number of the first kind s(n, k) can be defined such that the number of permutations of n elements which contain exactly k permutation cycles is the nonnegative number |s(n, k)| = (−1) n−k s(n, k). The fourth main result of this paper is a diagonal recurrence relation of the Stirling numbers of the first kind s(n, k).
Theorem 4. The Stirling numbers of the first kind s(n, k) satisfy the diagonal recurrence relation
where
is the falling factorial.
Lemmas
In order to prove our main results, we recall several lemmas below. 
The Faà di Bruno formula can be described in terms of the Bell polynomials of the second kind
. For complex numbers a and b, we have
and
for k ≥ 0. In other words, the formula (2.5) can be rewritten as
where 
for n ∈ N. Then the sequence M n for n ≥ 0 satisfies M 1 = m 1,1 and
Lemma 6. The Lerch transcendent Φ(z, s, a) satisfies
is the classical Euler gamma function. Consequently, the Lerch transcendent Φ(x, s, a) for s, a > 0 is an absolutely monotonic function of x ∈ (−∞, 1) and the function Φ x−1
x , 1, n + 1 is a Bernstein function of x ∈ (0, ∞).
Proof. The integral representation (2.8) can be found in [9, p. 612, Entry 25.14.5].
From (2.8), it follows that
for (s), (a) > 0 and z ∈ C \ [1, ∞). Hence, the Lerch transcendent Φ(x, s, a) for s, a > 0 is an absolutely monotonic function of x ∈ (−∞, 1). Since
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we have
The identity (2.9) is thus proved.
A direct computation by employing (2.1), (2.2), and (2.3) gives 
Proofs of main results
We now start out to prove our main results.
Proof of Theorem 1. By virtue of Lemma 4, we have
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Further applying the recurrence relation (2.7) to the above determinant yields
This equality can be rewritten as
for n ∈ N. In a word, we obtain
Theorem 1 is thus proved.
Proof of Theorem 2. Applying p(x) = ln x and q(x) = x − 1 to Lemma 4, expanding the obtained determinant according to the last row consecutively, and making use of (2.9) yield
The formula (1.4) is thus proved. From the absolute monotonicity and the Bernstein function property in Lemma 6, it is immediate to obtain that the function f (x) is completely monotonic on (0, ∞) and the functions x n+1 f (n) (x) for all n ≥ 0 are Bernstein functions on (0, ∞).
The inequality (1.5) follows from the complete monotonicity of f (x) and the formula (1.3). The proof of Theorem 2 is complete.
Proof of Theorem 3. By (2.1), (2.10) in Lemma 7, and (1.4) in sequence, we obtain , where u = f (x + 1) and we used the identity (2.4) in the last step. The recurrence relation (1.6) is thus proved.
